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In 1947, in his study of regular precessions, Grioli obtained a new
particular solution for the problem of the motion of a heavy rigid body
about a fixed point [ 1). This solution was expressed in article [ 2]
relative to a coordinate system, the axes of which are the principal axes
of the inertial ellipsoid for the point of support. It turned out that
analytically Grioli’s solution is characterized by two particular quadratic
integrals of a definite type.

In this article the problem of the existence of new solutions of a
similar type is studied. A system of algebraic equations is constructed
for the determination of the required parameters. Two solutions of this
system are found and investigated. To the first corresponds Grioli’s case;
the second leads to a new case of integrability [4]. The conditions im-
posed in this case on the moments of inertia can be fulfilled, if the
body has cavities filled with an ideal incompressible fluid [3].

1. Let O be the fixed point of the body, Oxyz coordinate axes fixed in
the body, which are the principal axes of the inertial ellipsoid of the
body for the fixed point. We shall denote the moments of inertia of the
body for these axes by A, B, C. Let the center of gravity lie in one of
the principal planes of the inertial ellipsoid, for example in the Oxz
plane. The angle between the Ox-axis and the straight line going from the
fixed point to the center of gravity of the body will be denoted by a.
The product of weight of the body and the distance from the fixed point
to the center of gravity will be denoted by I. The variables to be deter-
mined are p, q, r, i.e. the projections of the angular velocity of the
body on the Oxyz axes, and y, y’, y”, i.e. the projections of the unit
vector on the same axes, with direction opposite to the direction of the
force of gravity. These variables must satisfy the Euler-Poisson equations
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d . d ,
Al =(B—C)gr+ly'sina, € =(4—B)pg—Iy cosa

" 1.9
=t =(C—A)yrp+iy"cosa —lysina

d V. R dy" ,

T=r—q,  SL=p—r,  L=gr—pr (1.2
Three integrals of these equations are known:

Ap® + Bg? 4 Cr?* 4 2l (Y cosa + 7" sina) = 2h (1.3)
Apy +Bgy' +Cry"=m (1.4)
Tt =1 (1.9)

where h and m are integration constants.

Instead of y’, we will introduce a new variable I, and a new inde-
pendent variable r, using the relations
W =ql", dt=qd:t

Under these conditions equations (1.1) give
AL —(B—C)r+sina, CY —(A—B)p—T"
dt - ’ ’E;—( _ )p"‘ cosa (1.6)

d Bg

rrl =(C—A)rp+Ily"cosa— lysina 1.7

The equations (1.6) will be linear in p and r if
I = bp + b'r
where b and b™ are constants to be determined. We have

AZP (B C 4 sina)r + bpsina

r (1.8)
Co-=(A—B—bcosa)p—brcosa
We will subject the constants b and b™ to the condition
bsina __B—C-+¥bsina or bcosa b”sina:1 (1 9)

A—B—bcosa —bd"cosa A—B B—C

Eliminating with the aid of this equality b”-from the first equation
of (1.8), and b from the second, we shall have

AEE—A—%[(A———B)psina+(B-—C)rcosa]

dt

C%‘:‘: '—Bb__'él(A—B)PSin“-l-(B—C)rcosa]

(1.10)
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From equations (1.10) we have

Ab” Ch
F—_cPta—g =" (1.11)

From now on we shall assume the integration constant n to be different
from zero.

Hence, in the required cases of integrability the relation
W =q(bp+b'r) (1.12)
must hold, where the constants b and b” are restricted by condition (1.9).

These constants have the dimension of the moments of inertia.

The second assumption consists in that g% must be a quadratic function
of the variables p and r:

g* = 32}’2 + e prf-e'rtepte'r-tg (1.13)

Expressions (1.12) and (1.13) are a generalization of the integrals
holding in Grioli’'s solution, whose analytic expression is given in
article [ 2].

The right-hand side of expression (1.13) can be represented with the
aid of (1.11), in the form

’ ” 1 " Ab” Cb
&b + & pr o+ 7+ @k 87 (g P+ g g ) F 8

Substituting for the product pr its expression in terms of p%, r?, n?
from (1.11), we write the relationship between p, ¢ and r as follows:

gt =ep® - e"r? - e'n? (1.14)

As a consequence of (1.10) and (1.14), equation (1.7) leads to the
following relation:

Iy"cosa — Iy sina == b 2 - PPsina— "b" rlcosa 4

c -
—{—rp[séAA 7 COS &% — ”b” B Csma—(C—A)] (1.15)

We will transform the integral (1.3). The substitution g2 in the form
(1.14) gives

Ap®+Cr* 4+ B(ep? +¢"r?) 4 2(lycosa -+ Iy"sina) — 2k + Be'n? =0 (1.16)

Instead of h, we will introduce the constant (3, using relation
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Be'n® — 2h = Bn? (1.17)
Then, taking into account (1.11), equation (1.16) will be written as
"o A’Zb”z ’ 2
—lycosa—Iy"sina :%[A-—{-SB—{- Bme- -

. cwr 1, ACBY"

From equations (1.15) and (1.18 ve find

Iy =ap®+a'pr4-a"r?, " =cp*+c'pr+-cr? (1.19)
Here, for brevity, the notations
2
a=—c¢b %sinzaw-;—{A—}-eB—}—p(—Bi_é—gﬁ]cosa (1.20)
’ —C "y — o T .
a = — {sbg?(—g—:f;cosa—-s'b g%;——__}gsma——((,’——A)jsma—
ACbb”
~ A=BE =0 5%
" ninw B H 14 C2b2
a" =¢" -Ecosaosmac———}[C—f-eB—g—ﬁm]cosm
c=eb%— sinoccosoa——%[A%-eB—i—Bwiz_b-%}sina
¢ = {sb %g;% cos o —&"b” gz‘;:g; sina — (€ — A)] cos o —
BACbb” .
—A—BE—c N
” wn B v C23 .
¢ = —g"b 3(:03‘*’05——%(6—{«3 B+ ﬁm]sma

are introduced.

We shall pass to the integral (1.4). Instead of m, we shall introduce
the constant p, using the equality Im = pn?. Taking into account form-
ulas (1.19), (1.12) and (1.14), we have

Apf{ap? - a’'pr + a’r®) + B (ep? +&"r?) (bp -+ b"r) +
+ Cr(cp? 4 ¢'pr + ¢"r?) —pn® + B(bp -+ b'r)e'n? =0
Substituting for n in the above 'expression, the left-hand side of the
equality (1.11), gives a homogeneous polynomial of the third order in the
variables p and r:
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(aA +eBb) p? + (a’A + ¢C + eBb") p?r 4 (¢'C -~ a"A + ¢"Bb) pr® -+

) . ) Y Ab” Cb 2
(¢"C 4- e"Bb") r® 4 &’'B (bp + br)(B_CP A—Br>
Ab” cb s
—u<B~cP = A—Br) =0 (12D

Hence the variables p and r are related by the expressions (1.11) and
(1.21). Since n # 0, at least one of the coefficients in the left-hand
side of (1.11) is not zero. Let it be the coefficient of p. Then expressing
p in terms of r, and substituting into (1.21), an equation of the third
order is obtained, which in the general case gives a constant value for
r. To avoid this case, the requirement must be made that this equality
be an identity in r, from which will follow the vanishing of the coeffi-
cients of the unknowns in the polynomial (1.21). Thus we shall have, the
equations
A% 2 A%"3

ad +eBb + € Bbp—pn — b gy =0 (1.22)
¢C + &'BY + e B T —p T =0
a’A -+ cC +eBb” +¢'B [ (; i"'Z)z +2b 3 —gfl()il —B) ]—
— 31 —gjfi)::b_ 5y =9 (1.23)
¢'C+4+a"A-+e"Bb-}-¢'B [(A(ﬁbsB)z + 20" (B _JZ)CI(JI:;__ B) ]—‘

C2Ab2D”

WU BrE=0)

=0

Substituting a and ¢” from (1.20) in (1.22), we have two equations for
the determination of p and f3:

bll , b .
%cosa—i—uB—_C:eBT+[(bcosm—%>eB—§]%§wsa
B . I Y ch ., C*(A— B)? .
—‘,)‘-smac-}—y.,T—_—B__eB—C——}—[(bsma——-z—)eB——T]%sma

The determinant of these linear equations in 1/28 and g is equal, by
virtue of (1.9), to unity. Therefore

p ’ bt b"? A A? 1(B—C)*b
7=‘3B[A(A—B)~ C(B—C)] +[(b°°s“—T)BB”T];S(A—)B;:?:_

—_ [(b" sin o — g) e’B — %J (Ac;—(g)ibé,;i; z (1.24)
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pze’B(% cosa~isina)——

A
A Al (B—C)?sinacosa
—[(b cos o ——2——>eB —~7}— U -
R C\ C*1(A—B)*sinacosa
—r[(b sin o —- —2—)c B——2—j 5

Substituting into (1.23) a’, ¢’, ¢, a” from (1.20), and B, g from
(1.24), we will have

EEB L Fe'B 4 G — 0, E"e"B A F"sB -G =0

c . " C B—¢C
—_ I/___ — -
E=1} 5 sma-{—b(~—A A__B)smoccosa‘}—
B—-C b b
+C——5p 7<1——2~A~cosa>cosa
N4 A A‘ A—B .
—p— L
E b 5~ Cos & -} b (C B_C)smoccos<x+
A—B b" b . .
+AT_T—I)-(1——2——C smoc)smoc

. X A(A——B) . . 1A(A__B) v/ 2 Y
F =} TE=0) smas[smoc+—2——(§—_—cTT;(1—-5b s1noc)]

Fr= A————(A__B)cosoc[cosao-l ?—(7:—1'?“)‘137%(1'717008"‘)]
A

_ 4 . . A (A —B)rb"? , B—-C b
G——2~(C—2A)smot—r— “m%bTSIHGTACT——B*TCOSG
1.25)
. C C (B —C)2 b2 . —B ¥ . (
G ——~2—(A-—20)COSG«-J,‘ WCOS(Z"F AC B0 —b—smoc

Equations (1.25) are .used to determine ¢B and ¢ “B, and depend on 4,
B, C, b, b”, a. They are independent of e”.

We shall transform the integral (1.5). Substituting (1.19), (1.12),
(1.14), (1.11), we will have

(ap® + a’pr -+ a"r®)? + (cp® + ¢'pr -+ c"r?)? 4 (bp + b"r)? |Vs:p2 +

+e"r2_+_g'(B‘i1f”C p+ A(-Zf;B 7')2]22—24(3@”0 ot A?B r>4 (1.26)

By the same reasoning as above regarding the polynomial (1.21), the
homogeneous polynomial (1.26) is an identity in p and r. Therefore, its
coefficients must be equal to zero. Taking into account expressions (1.20),
we will have the following five equations:
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b , A2 1 A%re 2 A"
'B*—5 sin®a + b? [a—{—e —(—B—_—_—C)T] +-4~[A+€B 48 (B—C)ﬁ] =\ B—0x

” , 2h2
B2 Y oo+ b o7 + € | +
1 . Cwr . Cot
+g[Ct BBy ] = o Er

—_ b — B) . 2
[sB%%—_—_—%cosa—s”BC—((gjz,—;sma-— (C—-—A)Z] +

AXC2%2p" 1 A% ) o

+ B Gera—gy T T |[A+ BB gs) [C+ BB A—BF |~
AC

(B-——C) (A—B) +

” . Ce ) , A . A2C2h2h72
8 [ g | Ve g = O o a—

b . . ,
— 2’2 B0 sin « cos & - 4b2b"%e
AC

sB%sin a[aB%—Eﬁ—:%)—) cosa—s”BbéE';—__(l%) sinae — (C — A)] +
+e =0 a—w + rm=o R A+ P g +
+ 00 &+ ¢ o] = 2h p= oyt =] (1.27)
— e”B%— cosa[sB%%:—% cosa — s"Bbé—Eg—:%;sina —(C — A)] +
e e e e CRER v
+ 88 [¢ ¢ | = 2 oyt P

We shall substitute into equations (1.27) the quantity 3, defined by
the first formula of (1.24). From the substitution in (1.27) of the ex-
pressions for ¢B and ¢ “B found from (1.25), we shall obtain a system of
algebraic equations for the determination of e, A, b, b”, tan a. We will
not write these equations in expanded form, since they are very unwieldy.
Taking into account (1.9), we therefore have six equations relating the
five aforementioned quantities. However, this system turns out to be com-
patible. In particular, we succeeded in establishing two solutions:

the first solution

N VBB O 4 BY(B—C)+(A4+C—Byl,  (1.28)

' _ o (A—=B)(B—C) A—B " B—C
¢ =2 Tm 0 b=A)Y 425w o c)Y/E=S. (.29

B—-C
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the second solution

B (C— A)(A— B)* (C — B)? (C — 2A4)2(2C — A)?
h= H? A%C*[3AC — B (A + C)] H* (1.31)
, _ 6(A—B) (C— B) (C — A) (C—2A4)* (2C — A)? koo
= HE[3AC —B(A L )| 3AC =3B (A + C)] & (1.52)

o o H C— B
b= d{C-—-4)]/C(C—zA) b T EIC Ay A(2C — (1 33)
where
_20—4 ZC—A4) .

g = 57— CV C(A B (c A) (1.34)
H=VA{C —B)2C— AP + C(A— B)(C — 247 (1.35)

Substituting these expressions into (1.25) we find for the first solu-
tion

g 8" = — | (1.36)

and for the second solution
L (2C — A) (C —24) 1.37
AT P BAC—BA+O)[34C—2B (A + C)] (1.37)

Since in the formulas (1.28) to (1.37) A and C enter symmetrically,
we let, without loss of generality, C > 4.

2. Let us consider the first solution. We conclude from (1.31) and the
inequality C > A that

B A4
C>B>A4, sma:ﬁ]/c__A, cosocr:]/—g_—A« 2.1)

Therefore (1.29) gives
== A cosa, b = Csina 2.2)

Substituting (2.2), (1.36), (1.29) into (1.11) and (1.14) we obtain,
taking into account (1.30),

pcosa - rsina =v, p>+4 r¥=22—g? v=— %V(CWB) (B— A)

Hence

p=sina} V¥ —¢*>+ veosa, r=-—cosa Vv — g% + vsina
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Instead of q, we shall introduce the variable o, using the equality
q = v sin o. Then

p = v(cos & =~ sin & cos s, r = v (sina -— cosacos o),

Formula (1.12) now gives
Iy’ = v?sin s[4 cos?a 2 Csin®a 4- (4 — C) sina cos « €os 3]

We will obtain an equation for the determination of the dependence of
o on time by way of substitution of the quantities found in any of the
first two equations of (1.1), taking into account (2.1):

%ﬁj— = —v, g=—vi
(the irrelevant integration constant is omitted).
Therefore
p=v(cosa - sinacosvt), g¢=—vsinv, r=y (sina — cosa cos vi)
Ix' = —v*sinvt [A cosa + Csin®a |- (A — C) sina cos a cos vi] (2.3)

Substituting (1.36), (1.29), (2.2) into (1.24), we find

C — B) (B — A) A—B)E (B—C)®

o C=BE=D op 4—c),  p=LUER=O
After this, having obtained from (1.20) expressions for a, a”, a% ¢,

¢’, ¢”; and substituting these into formulas (1.19), we will find

Iy = v* [C sina cos vt + (C — B) cos a sin? vi]
Iy" = vt [— A cosa cos vt + (A — B) sin a sin® v¢] (2.4)

The cited integrability case of this Section has been obtained and in-
vestigated by Grioli [1]. This solution is given in article [2] in the
form (2.3), (2.4),

3. Let us investigate the second solution. We will intoduce the follow-
ing notations:

4 C (A — B) (C —24) L A(C—B) (2C — A)
cosp =}/ C—ABAC—BA+ 0]’ °“MPTV C—1BAC=B{A+0)
3,/ AC({C—=A){A—B)(C—B) (C—24) 2C— A)

“"“?}"‘/ [3AC — B (A + C)) CRY

Taking these into account, together with the substitution (1.33), the
expression (1.11) will be written in the form Ap cos p + Cr sinp = v.
The substitution of (1.32) and (1.34) into (1.11) gives
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A2t 4 (2 = [34C — B(A - C)}{ 2v? ,3AC —2B (A+ C)} (3.2)

340 1 (€ —24)(3C —A)

We find from the last two relations

Ap = cosp - sing ]//

3AC — 9B (A + 0) {;’ ~ BACBAC—B(A ¥ C)] }
3AC (€ —74) (2C — 4)

ey ] [3AC 2B (A+C){, BACIBAC=BA+C) .|
Cr = J&itl{)M{ZOS{)V T {a - AT —4) q} 3.3)

Instead of q, we shall introduce the new variable ¢ using the equality
¢ = vk sin o, where

(€ =24 (2€ —4) .
SAC[3AC — B (A5 0)] (3-4)

Then

L 2B (A +C)
L= 1/1 T TT3AC (3.5)

Let us see what conditions must be satisfied by the positive quantities
A, B, C, in order that a, n, p, r be real,

We conclude, as a consequence of € > A from (1.34), that it is nec-
essary for the inequality

(C— B)(A—B)(€C —24) >0
to be satisfied.
This is possible when:
1) B>C>124 2y 24>C>B> 4, 3) C>24>2B
In the first case
34C —B{A - C)= —C(B—24)— A(B—C)<0

— A (B—C)(2C — AP — C(B— A (C — 248 <0

in the second
3AC — B (4 —i—C):C(2A-«-B)+A(C~—«~B)>O
A(C— B)(2C — Ay + C(B—A4)(24—C)* >0

in the third
BACWB{AJVC}:A(ZCWB)—{»C(A—-—B)>0

A(C —B)(2C — AP + C(A— B)(C — 24y >0

We see that the quantity n, determined from the equality (1.31), is
real in all these cases. We conclude from (3.1), that » will also be real.
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In the first case, the multiplier within the square bracket in equation
(3.2) is negative, and the second factor

2v2 23/4(/—2B(A—'—C) 2, 24 (B—C) + C (2B — A)

53¢ 9 €=y pc—4)  3ac 1 (C =24y (2C — A)

is positive, Therefore, the first case must be disregarded, since, under
these conditions, A2p? + C%2 < 0,

In the second case, formulas (3.1) give real values for cos p, sinp,
but the expression under the radical in (3.3) is negative. In fact,

: o 3AC[3AC—B(A=C)| .| _
[3AC—2B(A+C)]{¢—— e }_

3AC[34C —B (A +C)]
ZA—=C) (2C —A) q2}<0

— —|2C(B—A) 4 A@2B—C)] {w o

is real, since 2B> 24> C. In this case p and r are complex; therefore,
the second case must also be disregarded.

In the third case, which is characterized by the inequality C > 24 >
2B, all quantities turn out to be real. Moreover C > A + B, which does
not hold for a rigid body; however, this condition can be satisfied if
the body has cavities filled with a fluid [3].

Substituting the found magnitudes into (1.12), we have
(3.6)

cos c] sing *

» _ _V3AC(C—24) (2C— 4) [ _3 VAC(A B) (C — B)
[3AC — B (A + )]s (C—24) (2€ —4)

The dependence of o on time is obtained from the first equation of
(1.1) in the form

N ds ’
—v—gt—=k+kcoss 3.7

where

k=1 (C—24)(2C — A)[34C —2B (4 + C)|
=(A4+0)V3(4—B)(C—B)
N =34ACY 3AC—B (A +0() (3.8)

Having obtained from (1.24) the value of 8, we next find the coeffi-
cients (1.20), after which, formulas (1.19) will give, taking into account

(3.4), (3.9)
1= 34c= B (A5 ¢y (eosp [34(C — B)sin®a + B (4 - C)] +3ACy sin pcos o)

» 1 . .
= 3Ac—B (A1) Sinp[3C(4A— B)sin®s + B (4 4 C)]—3ACy cos pcos o)

T
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Thus, the dependence of the variables p, g, r, y, y”, y” on time is
found. Hence, the Euler-Poisson equations with the conditions

C>24>2B

admit a solution, determined by ' (3.10)

p= %—(cosp—i—xsinpcoss), g = vxsing, rz—z,—(sinp——xcospcos@

and equations (3.6) and (3.9), where sin p, cos p, k, X, are determined

from (3.1), (3.4) and (3.5)
S C—A4
V:’“BAC]/”H"‘/ESAC—B(AJFC)

The variable o is found from equation (3.7), taking into account (3.8).

The validity of the obtained result can be verified directly by sub-
stituting the solution (3.10), (3.6), (3.9) into equatisiis (1.1), (1.2)
and the integrals (1.3), (1.4), (1.5).

Taking into account, for g, the formula (1.24), we find from the re-
lation Im = pn?, that the constant of the surface integral m is equal to
the constant v, introduced according to equation (3.1), 1.e. m = v.

In problems which are reducible to an integration of the Euler-Poisson
equations it is customary to choose, for the main variables, Eulerian
angles.

We shall introduce these angles as follows.

The formula
Apcosp -+ Crsinp=1v (3.11)

expresses the condition that the projection of the vector (p, q, r) on
the straight line having direction of the vector

(Acosp, 0, Csinp) (3.12)
remains constant. We will denote the angle between the vector (3.12) and
the vector (y, y*, y*) by 6 :

Aycosp 4 Cy"sinp

cos§ =
V 4% cos®p + C3sin?p

or, taking into account (3.9)
3[{A2(C — B) ces?p + C2 (A — B) sin?p)sinta
|34C — B (A -+ C)] V A2 cos?p + C?sin?p
34AC (A —C)xsinpcespceso+ B (A + C)(Acos?p 4 Csin®p)
[3AC — B (4 + C)] V A% cos?p + CZsin%p

cos b =

(3.13)
+
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The components of the vector (p, g, r) in the directions (3.12) and
y, y*, y”-) are the derivatives of the angle of spin ¢ and the angle of
precession tr. The projection of (p, g, r) in the direction (3.12) is, as
can be seen from (3.11, v /y AZcos? + C?sin% . Hence, we have
———c'p—}—(l)cosﬂ

v,
V A2 cos?p + C?sin%p

PY+g17 L " =¢ + gcosh,

It follows that

EE.—-__i__ ' o P et vcos O )
dt - sin®6 (PT maee V A% cos®p + C?sinp

Substituting in the last expression the values of the variables, which
have already been found, we will find the dependence of d//dt on o, and
consequently also the dependence of the angle of precession on time.

Since the projection of (p, g, r) on the straight line having direction
(3.12) is constant, it is sufficient to examine, in order to conclude the
investigation, what kind of curve-is described on the unit sphere with
center at the fixed point by the apex, i.e. the point of intersection of
this line with the sphere.

We conclude from (3.7) that when k < k”, the variable ¢ approaches
asymptotically the value o*, determined by the relation

cosa’ = —k/K

Moreover, the variables p, q, r, respectively, approach asymptotically
the constants p*, q*, r*, so that in the limit we have a permanent rota-
tion.

For k > k’, o increases indefinitely with time, and the variable 6,
as can be seen from (3.11), is confined between the two limits 6 . and
0 ,ax- Consequently, the trajectory of the apex is confined between the
parallels determined by these limits for #. We will not investigate this

trajectory.
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